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ABSTRACT 

We  introduce  a  new  type  of  partition  called  a  paraM  planes  partiticn.  We  prove  tbere  exists  a 
parallel  planes  partition  of  any  set  of  n  points  in  4  dimensions.  TUs  partition  yields  a  data 
structure  for  the  half-space  retrieval  problem  in  4  dimeosions;  it  has  linear  size  and  adneves  a 
sublinear  query  time. 


r  TTiis  work  was  supported  in  part  by  NSF  grant  DCR-84-01633. 


1.  Introductioo 

The  half-space  retrieval  problem  is  the  following.  Given  a  set  of  n  points  in  d-dimensional 
Euclidean  space,  preprocess  them  so  as  to  be  able  to  answer  queries  of  the  foUowing  form:  how 
many  points  lie  in  a  given  half  space.  (A  variant  of  the  problem,  the  listing  problem,  is  to  ask  for 
a  list  of  the  points  in  the  half  space.)  It  is  assumed  that  many  such  queries  will  be  made.  Thus  it 
is  reasonable  to  preprocess  the  set  of  points  and  to  amortize  the  cost  of  this  preprocessing  over  the 
(many)  queries.  What  we  are  concerned  with  is  the  query  time  and  the  space  used  by  the  data 
structure  for  holding  the  preprocessed  information.  We  note  that  a  naive  searching  algorithm 
takes  linear  time.  Thus  we  aim  for  a  sublinear  search  time  and  a  data  structure  using  linear  space. 

Recently,  an  elegant  approach  to  this  problem  was  discovered  by  WiDard  [W].  There  are 
two  basic  lemmas  underlying  his  construction.  First,  a  set  of  n  pdnts  can  be  partitioned  by  two 
straight  lines  into  4  sets,  so  that  each  (open)  set  holds  at  most  n/4  points.  This  leads  to  a 
recursive  storage  of  the  points  in  a  4-way  balanced  tree.  Second,  any  line  only  intersects  3  of  the 
4  sets  defined  by  the  two  partitioning  lines.  This  implies  that  in  carrying  out  a  half-space  quey  at 
most  three  of  the  four  subtrees  of  the  root  need  be  explored  furtba.  Recursive  application  of  this 
observation  yields  a  sublinear  search  time,  (it  is  convenient  to  speak  of  a  Une,  or  plane,  missing  a 
set  S  when  the  line,  or  plane,  does  not  intersect  S.) 

By  tuning  his  data  structure  (dividing  the  set  into  6  equal  parts  with  3  lines,  rather  than  4 
parts  with  2  lines)  Willard  obtained  a  linear-sized  data  structure  which  aUowed  a  query  time  of 
0(n°  ").  (Henceforth  we  will  not  refer  to  the  size  of  the  data  structure,  for  it  is  ahways  linear  in 
this  paper.)    Subsequent  work  by  Edelsbrunner  and  Welzl  [EW]  improved  the  search  time  to 

0{n°^^). 

Using  the  same  approadi  Yao  [Y1,Y2]  obtained  a  similar  result  in  3  dimensions.  She 
proved  that  any  set  of  n  points  can  be  divided  by  3  planes  into  8  equal  sized  sets.  This  yields  an 
algorithm  for  the  half-space  retrieval  problem  with  a  sublinear  query  time.  Dobldn  and 
Edelsbrunner  [DE1,E]  then  further  improved  the  algorithm  that  is  derived  from  this  partition, 


obtaining  a  search  time  of  0(n'^^. 

In  <^-dimemiom,  we  seek  to  partition  the  set  of  n  points  into  2^  subsets,  using  d 
hyperplanes,  so  that  each  subset  contains  at  least  on  points,  for  some  constant  02a£2^.  Such  a 
partition  would  yield  an  algorithm  for  half  space  retrieval,  with  sublinear  search  time,  similar  to 
Wtllard's.  Avis  showed  that  for  d^5  there  exist  sets  of  n  points  for  which  there  is  no  such 
partition.  While  not  proving  that  there  is  no  algorithm  with  a  sublinear  search  time,  this  result 
does  have  a  somewhat  negative  flavor. 

We  show  a  partitioning  result  for  sets  of  n  points  in  4  dimensions.  We  show  that  there  is  a 
partition  (which  we  call  a  parallel  planes  partition)  such  that  each  of  the  16  sets  defined  by  the 
partition  contains  at  least  n/i2  points  (loosdy  speaking;  we  are  more  precise  in  the  next  section). 
This  partition  immediately  yields  an  algorithm  for  the  half-space  retrieval  problem  in  4  dimensions 
with  a  query  time  of  0(n'^'^^).  Further  applications  of  the  partition  result  mdude  the  drde 
retrieval  problem  [Y]  and  other  query  problems  [DE2].  Our  work  extends  these  results  to  one 
higher  dimension;  for  example,  our  partition  implies  that  there  is  an  algorithm  for  the  sphere 
retrieval  problem  with  a  sublinear  query  time. 

An  interesting  aspect  of  our  work  is  that  the  partition  is  not  by  4  planes  (in  fact  it  uses  parts 
of  8  planes).  So  the  result  proved  by  Avis  is  not  applicable  to  our  construction.  This  opens  up 
the  prospect  of  finding  similar  partitions  for  point  sets  in  5  or  more  dimeosioos.  Also,  it  suggests 
one  might  look  for  other  partitions  enjoying  the  following  properties; 

(a)  Every  set  in  the  partition  should  contain  some  constant  fraction  of  the  points. 

(b)  Any  plane  misses  at  least  one  of  the  sets  defined  by  the  partition. 

We  call  such  a  partition  a  separating  partition.  A  separating  partition  immediately  yields  an 
algorithm  for  half  space  retrieval,  of  the  form  given  by  Willard,  having  a  sublinear  search  time.  A 
caveat  should  be  made  here.  In  Willard's  data  structure  it  is  necessary  to  be  able  to  perform  half 
space  queries  on  the  separating  lines,  if  they  contain  any  of  the  points.  Sonilarly,  to  obtain  an 
efficient  algorithm  from  a  class  of  separating  partitions,  we  need  to  be  able  to  perform  half  space 


queries  on  the  separating  surfaces,  and  these  queries  must  be  performed  as  fast  as  the  general 
queries.  (Our  partition  uses  3  dimensional  planes  for  the  sq)arating  surfaces,  and  for  these 
surfaces  the  requirement  is  met.) 

There  has  been  considerable  related  work  in  this  area.  The  data  structures  we  have  been 
describing  are  static;  Fredman  has  proved  lower  bounds  on  the  complexity  of  dynamic  data 
structures  for 'this  problem  [F].  When  considering  the  listing  problem  we  often  use  a  different 
measure  for  the  query  time,  Q(n).  Q(n)  is  chosen  so  that  the  time  taken  to  report  the  s  points  in 
a  half  space  is  0{s  +  Q(n)).  The  goal  has  been  to  achieve  a  fast  query  time  Qin),  v/bSe  dropping 
the  requirement  for  the  data  structure  to  have  linear  size  [CY,CGL].  We  win  not  consider  these 
problems  further,  however. 

In  the  next  section  we  describe  the  form  of  our  partition,  prove  tfiat  it  is  separating,  and 
deduce  the  search  time  for  the  resulting  algorithm.  Li  section  3  we  prove  the  partition  exists. 

2.  The  PartttfoD  is  Sepu«tlng 

We  make  the  notion  of  a  partition  precise. 

Definition:  [Yl]  Let  5  be  a  set  of  n  points  in  <f-dimeosional  space.  A  partition  II  for  5  is  a  pair 
(R,P),  where  R  is  a  set  of  disjoint  open  regions  and  P  is  a  set  of  (</-l)-dimeosional  surfaces,  such 
that  ev^  point  of  S  eith»  lies  in  a  region  /?  e  R,  or  on  a  surface  P  c  P.  A  region  /{  c  R  is  said 
to  be  a  hn-region  with  respect  to  II  if  at  least  8n  points  of  S  are  contained  inR  [J  P  (i.e.  Ae 

remaining  open  regions  of  R  contain  at  most  (l-8)n  points).  We  say  11  =  (R,P)  is  a 
hn— partition  if  every  /{  e  R  is  a  8n-region. 

We  describe  oiu:  partition  next.  As  an  aid  to  our  intuition,  we  start  by  giving  a  partition  II 
of  3  dimensional  space.  We  have  4  partitioning  planes:  P,  Q,  R^,  R^  (see  figure  1).  R^ta^R^an 
parallel;  further,  we  only  use  parts  of  the  planes  R^  and  R2,  as  illustrated  in  figure  1.  It  is  dear 
these  surfaces  d^ne  8  disjoint,  open  regions. 


Lemma  1:  Any  plane,  M,  intersects  at  most  seven  of  the  regions  defined  by  II. 

Proof:  Let  L  be  the  intersection  of  M  with  P.  Without  loss  of  generality,  essentially  only  two 
situations  arise,  as  illustrated  in  figure  2.  In  case  (a),  since  L  does  not  intersect  either  A  or  B,  M 
cannot  intersect  one  of  U^  and  Uy  In  case  (b),  since  L  does  not  intersect  C  ot  D,  M  does  not 
intersect  one  of  C3  and  Uy  o 

The  partition  n  in  4  dimensions  uses  8  planes:  P,  Q,  R^,  /?2,  S^,  S2,  S^,  54.  /?,  and  /?,  are 
parallel,  as  are  S-^,  S2,  S^  and  S^.  P,  Q,  R^,  and  R2  have  the  same  form  as  in  the  3  dimensional 
case;  let  us  label  the  8  resulting  regions,  as  before,  as  shown  in  figure  1  (we  also  label  the  four 
regions  defined  by  P  and  Q  as  shown  in  figure  1).  We  keep  just  those  parts  of  5,  that  intersect 
the  regions  C/,  and  U4+,,  lsjs4;  henceforth,  when  we  refer  to  5,  (or  Rj)  we  intend  the  surface 
consisting  of  the  parts  we  have  k^.  Let  Wy  and  Wy-i  be  the  two  regions  obtained  from 
partitioning  Uj  by  5,  0"  =  '.4+j)»  1^»^4. 

Lenmia  2:  Any  3  dimensional  hyperplane  M  intrasects  at  most  IS  of  the  16  regions  t^ffin^  by  D. 

Proof:  It  is  helpful  to  make  a  definition.  We  call  fl'  fl  F  tht  floor  of  a  region  W  with  respect  to  a 
lower  dimensional  surface  P  (i.e.  that  part  of  P  on  whidi  W  stands).  We  show  that  there  are  two 
regions  D^  and  Dj,  in  opposite  quadrants  (defined  by  P  and  Q),  such  that  M  intersects  neither  of 
them,  and  such  that  one  of  them  contains  a  region  Wj. 

Consider  P  H  Q,  illustrated  in  figure  3.  M  intersects  at  most  7  of  the  regions  B[.  Let  the 
two  sets  of  regions  not  interseaed  by  M  be  denoted  C|  and  C2.  (In  the  example 
Ci  =  Bft  U  fl,  U  82  Ufl,  Uflj  and  C;  =  B13  U  Bj*  U  B^;  it  may  be  that  one  of  Cj  or  C2  is 
empty.)  Consider  the  four  quadrants  defined  by  P  and  Q.  In  one  of  these  quadrants  M  does  not 
intersect  the  region  D^  standing  on  Cj.  In  the  opposite  quadrant  M  does  not  intenect  the  region 
D2  standing  on  C2. 


By  construction,  only  one  of  R^  and  R2  intersects  these  two  quadrants,  ^tbout  loss  of 
generality  suppose  that  it  is  J?^  that  intersects  these  two  quadrants.  Tben  S^  and  ^2  are  the  other 
planes  intersecting  these  quadrants  (5^  partitions  Ui  and  U^,  and  .^2  partitions  Ui  and  U^.  In 
figure  4,  we  show  the  correspondence  between  the  regions  Wi  and  Bj  (that  is,  on  what  region  m 
P  D  Q  each  Wi  stands).  Without  loss  of  generality  we  hove  one  of  the  following  two  cases.  (lUs 
is  really  the  same  situation  as  in  lemma  1.) 

(a)  B^U  B2Q  C^;  then  W^  and  W^^  both  stand  on  a  subset  of  C^  and  so  A#  does  not  intersect 
one  of  than. 

(b)  fli  g  Ci  and  flg  U  59  U  fiio  U  iBij  U  B^^  U  B^^  C  €2,  then  M  does  not  intasect  one  of  H^j 
andH'4.  □ 

In  the  next  section  we  show  thne  exists  such  an  n/32-partition;  we  call  it  a  parallel  planes 
partition.  We  deduce 

Lemma  3:  There  exists  a  linear  size  data  structure  for  half  ^miob  retrieval  in  4  dimeaiMraia  which 
allows  a  query  time  of  0(n°-^). 

Proof:    The  search  structure  is  built  as  described  in  ^Hard's  paper,  and  as  outlined  in  tfic 
introduction.  A  bound  7(n),  for  the  search  time  is  givea  by  the  following  recurroice. 

Tin)  =  max  [c  +  2n«/)  +  S^W],    na2, 

<-i  y-i 

r(i)  =  c 

15  li  8 

y/hete  2"!  -  31n/32,  S";  +  2"*.  ^  «.  n/32sn,s3ii/32,  S(mi)  is  Ac  time  to  carry  out  a  half 

i-l  <-l  i-1 

Space  query  on  a  data  structure  for  a  3  dimensional  space  containing  nif  points,  and  c  is  a  constant. 
The  right  hand  side  is  largest  when  n,  =  31n/15-32  and  ifi,=/i/8-32,  giving  the  solution 


Tin)  =  157(31/1/15-32)  +  0(n°^,  or 
TW-OM,  where..  ^^^gi|^ 
that  is,  T(n)  =  0(n<^"»). 

3.  Eitatence  of  the  Partttton 

We  show  there  is  an  n/32  parallel  planes  partitian  of  any  set  5  of  /i  points  in  4  riimffrwirm^ 
This  section  provides  a  proof  of  existence  and  not  an  alggrithm.  There  are  two  major  concerns  in 
our  construction.    The  first  is  to  select  each  plane  in  such  a  way  that  it  is  unique.   The  second 
concern  arises  because  our  construction  involves  certain  perameten  which  may  vary.  The  conoem 
is  to  ensure  that  the  planes  vary  continuously  with  these  parameters. 

It  is  simpler  to  carry  out  our  construction  on  a  connected  body  for  then  we  can  use  theorems 
from  analysis.  So  we  extend  the  definition  of  a  Sn-parthion  in  the  natural  way  to  a  set  consisting 
of  one,  or  several  continuous  bodies  of  total  mass  n.  (The  formal  details  are  left  to  the  reader.) 
As  described  in  [DEI]  we  replace  each  point  by  a  sphere  of  radius  c  centered  at  that  point;  the 
sphere  is  of  uniform  density  and  has  mass  1.  c  is  chosen  sufficiently  smaD  so  that  if  a  plane 
intersects  k  of  the  spheres  then  there  is  a  plane  intersecting  the  oorre^Moding  k  points.  Call  the 
new  set  the  sphere  set. 

Lemma  4:   [DEI]  If  there  is  a  8n-partition  II'  of  the  sphere  set  then  there  is  a  &n-partitian  II  of 
the  point  set  5. 

We  transform  the  set  further.  Let  £  be  a  (ls>^)  rectangular  box  containing  the  spheres. 
The  space  in  B,  not  occupied  by  spheres,  is  filled  with  matter  of  uniform  density  and  total  mass  m 
(«1).  m  is  chosen  so  that  fBn-m]  =  \in].  (in  our  construction  8  =  1/32,  so  that  m  =  \/lOO 
suffices.)  Call  this  the  continuous  set. 

Lemma  5:   If  there  is  a  8(n+m)-partition  Q'  of  the  continuous  set  then  there  b  a  fin-partition  of 


the  point  set  S. 

Proof:  Qearly  a  8(n+m)-paitition  of  the  continuous  set  implies  a  [8n-(l— 8)in]-partition  of  the 
sphere  set,  and  hence  of  the  point  set  5.  On  a  point  set  diis  is  a  (f8n  -  (l-8)ml)-partition,  which 
by  assumption  is  a  8n-partition.  □ 

Thus  to  obtain  our  result  it  suffices  to  show  that  a  body  S,  of  mass  n,  has  an  /t/32-partition. 
We  use  the  following  two  lonmas  in  our  constnictioa. 

Lemom  6:  [W]  Given  a  connected  body  S  of  mass  n,  in  two  dimensional  Eudidean  space,  and 
given  a  line  L  forming  an  n/2-partition  of  S,  there  is  a  unique  line  K  such  that  L  and  K  form  an 
n/4  partition.  Furthermore,  K  varies  continuously  with  L. 

^^ard  did  not  prove  exactly  this  theoron,  but  the  proof  would  be  identical  to  Willard's.  The  fact 
that  5  is  connected  guarantees  uniqueness. 

Lemma  7:  (Borsuk-Ulum  theorem  [L]).  Let  /  be  a  contiiiuous  function,  /:  S^  •>  R''.  Then  there  is 
an  i  sudj  that  /(i)  =  /(-i). 

Definition:  /  is  an  even  function  if  for  aU  i,  /(i)  =  — /(— i). 

CoroOary:  If  /  is  an  even,  continuous  function,  /:  S''  ->  R'',  then  there  is  an  x  such  that 
/U)  =  /(-i)  =  Q. 

We  build  the  planes  described  in  the  previous  section.  At  times  we  win  project  onto  2  or  3 
dimensional  spaces;  where  no  ambiguity  will  result  we  will  name  by  P  the  projection  of  P,  etc  We 
construct  P,  Q,  /?,,  Sj,  in  turn. 

We  choose  i»  to  be  the  bisector  of  S  normal  to  aj,  a  direction  vector.  We  note  P  is  unique, 
varies  continuously  with  yl,  and  is  reversed  «iien  u:  is  reversed.  We  define  the  other  planes,  in 
part,  in  terms  of  )^  and  a  set  of  coordinate  axes  on  P.  Since  we  are  going  to  vary  ^,  and  we  wish 
the  coordinate  axes  to  vary  continuously,  we  need  to  show  how  to  define  die  axes  in  terms  of 


some  original  set  of  axes. 

Let  u:,  £,  ^,  £  be  the  4  mutually  peipendicular  axes.  And  let  w^,  x^,  y^,  and  zq  be  some 
initial  set  of  mutually  perpendicular  axes.  Suppose  a  =  (aj),c^  (i.e.  a  =  aw^-^bx^+cyn-i-di^. 
Then  we  define  i,  ^,  i  to  be,  respectively,  (-ft,a,-«i^),  (-c,</,a,-d),  i-d,-cj>,a).  It  is  easy 
to  check  the  4  axes  are  perpendicular  and  that  they  vary  continuously  with  y^.  (We  were  guided 
by  the  definition  of  qtiatemions  and  we  are  indebted  to  Colm  01>inlaing  for  suggesting  this 
approach.) 

It  is  convenient  to  use  spherical  coordinates  to  refer  to  the  orientation  of  w.  with  respect  to 
the  axis  system  vv^,  x^,  y^,  z^;  let  (9,(t>,i{i)  be  this  orientation.  It  is  dear  P  is  unique  and  varies 
continuously  with  (6,(t>,i|i),  since  5  is  a  connected  body. 

We  choose  Q  to  intersect  P  parallel  to  the  £  and  ^  axes.  In  addition,  we  would  Ulce  P  and  Q 
to  form  an  n/4-partition.  By  projecting  parallel  to  x  and  ^,  this  becomes  the  2  dimensional 
problem  described  in  lemma  6.  We  deduce  such  a  Q  exists  and  is  unique.  Further  Q  varies 
continuously  with  (6,(t>,i|f),  and  is  reversed  vAtea  this  orientation  is  reversed. 

We  choose  /?i  and  /Jj  so  that  P,  Q,  R^  and  iJj  fonn  an  /t/16-partition.  Before  deacribing  our 
choice  of  R.  and  i?2  it  is  convenient  to  give  anotfaer  definition  and  to  prove  a  lemma.  We 
generalize  the  notion  of  a  Jt-hull/center  introduced  m  [CSY.Yl]. 

DeflnMon:   The  fim-hull  of  a  body  of  mass  m  consists  of  the  set  of  points  p,  such  that  any  plane 
through  p  has  mass  ^6m  to  either  side. 

Lemma  8:  A  closed,  compact  body  B  of  mass  m  in  R^~^  has  a  non-empty  m/J-fauO. 

Proof:    We  first  show  that  the  body  has  a  non-empty  (m/rf-e)-hul],  #„  for  aH  c>0.    We  also 

show  H,  is  compact.   Since  H,  D  Hj,  for  t>8,  we  deduce  f)H,  =>t  0.   But  f)H^  is  the  m/J-huD. 

t>0  «>o 

We  show  H^  is  non-empty.  Consider  the  set  Q  consisting  of  the  half  spaces  5,  where  S  is 
defined  by  a  (</-l)-dimensional  plane,  such  that  the  mass  of  that  part  of  the  body  in  5  is  exactly 


m/d+i.  Then  the  intersection  of  d  of  these  spaces  contains  mass  ^Se,  and  thus  is  non-oopty. 
By  nelly's  theoron  [YB],  we  deduce  the  intersection  of  all  the  half  spaces  is  non-empty.  But  this 
intersection  is  contained  in  H^;  heaoe  H^  is  non-empty. 

We  now  show  H^  is  compact.  We  observe  H^  is  dosed  (from  the  d^nition  of  em-hulls).  In 
addition,  H^  is  contained  in  5,  a  compact  set.  So  /f,  is  compact,  a 

We  are  able  to  reduce  the  choice  of  R-^  and  ^^2  to  a  3  dimeroaonal  problem.  We  do  this  by 
choosing  R-^  and  R2  to  intersect  P  paraUel  to  the  £  axis.  We  then  project  paraOd  to  the  x  axis. 
Recall  R^  and  R^  are  parallel.  Let  JT,  be  the  n/4-faull  of  7^.  Let  c^  be  die  center  of  gravity  of  K^, 
considered  as  a  body  of  uniform  density.  Let  4  and^  be  the  vectors  parallel  to  the  lines  from  c^ 
to  C3  and  from  C2  to  c^,  respectively.  We  choose  both  R-^  and  /?3  to  be  parallel  to  both^  and ^; 
also  we  choose  R-^  to  pass  through  c.  and  cj,  while  we  choose  R2  to  pass  through  c^  and  c^.  We 
note  4  and  J^  are  not  parallel  (for  if  they  were,  by  projecting  parallel  to  the  ^[-axis,  which  is  not 
parallel  to  either  ^  nor  1^,  we  obtain  the  situation  shown  in  figure  S,  with  4  and  ]^  ostensibly 
parallel,  a  contradiction).  Thus  R-^  and  /?2  are  well  defined  planes.  Qearly  they  are  unique.  Since 
the  sets  AT,  (and  thus  the  points  cj  vary  continuously  wiA  (6,<t>,(|f),  we  deduce  that  R^  and  R2  vary 
continuously  with  these  angles  also.  Also  R^  and  R^  are  reversed  when  (6,4>,ii>)  is  reversed. 
Because  R._  and  R^  pass  through  c^  and  C3,  C2  and  £4,  respectively,  we  know  that  each  set  I/^, 
l£i£8,  has  mass  ^m/16,  and  £3m/16. 

It  remains  to  define  the  planes  5,.  Recall  that  diese  planes  are  required  to  be  parallel.  So 
let  £  be  the  normal  to  the  planes  5,.  Let  p  be  the  angle  between s.  and £,  the  normal  to  the  planes 
/?!  and  /?2-  By  choosing  the  angles  (p,9,(|),t|i)  apprqniately,  we  aim  to  obtain  planes  Si,  such  that 
5,  bisects  both  the  sets  (/,  and  I/4+,,  l:sts4.  &  is  convenient,  in  dining  the  planes  Si  to 
normalize  so  that  the  sets  Vj  each  have  mass  1.  We  then  define  5^  to  be  the  unique  plane 
bisecting  I/,  U  1/4+,,  lsis4. 


We  have  yet  to  explain  how  i  is  chosen.  We  want  to  choose  i  uniquely,  given  l  and  p;  we 
achieve  this  by  choosing  ^  to  lie  in  a  plane  determined  by  £.  Let  ^'  =£,  and  suppose  i',  ^,z.'  are 
defined  in  terms  of  h^,  j^,  ^q,  ^,  in  the  same  way  at  s,  2,  and  2  were,  given  ^.  Then  we  restrict 
ji  to  lie  in  the  ^'  — ^'-plane.  So  i  is  uniquely  fH^-fint^H  by  £  and  p.  Also,  x  varies  continuously  with 
(p,6,({>,t|f),  and  hence  so  do  the  planes  5,,  lsis4.  When  (6,()>,i|>)  is  reversed,  smce  both  £  and 
the  coordinate  axes  are  reversed,  1  is  also  reversed.  When  p  is  also  reversed,  x  is  reversed  again, 
and  thus  returns  to  its  original  orientation.  Thus,  when  (p,9,(t>,4i)  is  reversed,  the  planes  P,  Q, 
R^,  and  R2  are  all  reversed,  while  the  planes  5,  are  unchanged. 

We  show  how  to  choose  the  angles  (p,8,<t>,i|>)  so  that  each  of  the  5,  are  bisectors  of  the  two 
sets  t/,  and  U^+,,  lsi^4.  We  define  a  function  /(p,d,<|>,<|»),  /:  S^  -  R*,  with  /  continuous  and 
even.  Thus  we  can  apply  the  corollary  to  the  Borsuk-Uhim  theorem.  /  is  chosen  in  sudi  a  way 
that  when  fts)  =  Q,  the  planes  5,  bisect  the  sets  Uj  as  required. 

/  is  defined  to  be  the  vector  (/i/ij/sjA);  ^/<  ^r*  drfinrd  below.  Let  S,  divide  Uj  (=  U,  at 
Ui+i)  into  Wy^i  and  Wjy,  with  IV^  on  the  positive  side  of  the  dividing  plane.  Let  t  denote  the 
(normalized)  mass  of  the  set  T;  by  a  normalized  mass  we  intend  the  mass  of  the  set  T,  where  the 
mass  of  each  set  C/y  is  normalized  to  be  equal  to  1.    We  define  /i(i)  =  w^Cs)  -  wgU), 

Lemma  9:  /  is  an  even,  continuous  function. 

Proof:  It  is  dear  /  is  continuous.  We  show  /^d)  =  -/^(-i).  We  note  Wj  +  w,  =  w,  +  w^q 
(since  S-  bisects  t/j  U  t/5),  and  wj  +  wj  =  >V9  +  w-^q  (since  fj  =  t^).  So  wj  «  w-^q  and  w,  =  w,. 
As  observed  above,  w^en  the  orientation  i  =  (p,6,«>,«|»)  is  reversed  the  planes  P,  Q,  /?i,  and  R2 
are  all  reversed,  while  the  planes  5,  have  the  same  orientation.  Hence  t/^"*)  ~  ^i+^U)  ^^ 
C/,+4(-i)  =  t//(jt),  lsis4,  while  W,(-i)  =  W.+gd)  and  W',+8(-i)  =  IV/jc),  Isisg.  It  foDows 
that  /.(-i)  =  w,(-i)  -  H',(-i)  =  »v,(i)  -  H-.U)  =  -/lU);  similarly  for  /j,  /j,  and  U  We 
deduce  /  is  even,   n 


u 

When  p  =  0  or  IT,  £  and  i  are  parallel,  so  /  remains  constant  despte  any  variation  of 
(6,(|>,)|>).  Hence /:  S"*  -  R'*.  i^)plying  the  coroUary  to  the  Borsuk-Ulum  theorem  we  deduce  there 
is  a  value  i  such  that  /(i)  =  Q.  But  then  /i(i)  =  0  so  wj  =  w,,  which  implies  w^  =  wj. 
Similarly,  all  the  other  sets  Uj  are  bisected.  Since  the  mass  of  Uj  lies  between  nt/16  and  3m/16,  it 
follows  that  the  mass  of  each  W,  lies  between  n/32  and  3n/32.  We  deduce 

Theorem:  Tlie  planes  P,  Q,  R„  Sj,  l<is2,  ls;s4,  form  an  n/32-partition. 

We  briefly  discuss  an  algorithm  for  finding  a  paraUel  planes  partitioiL  It  is  dear  that  any 
parallel  planes  partition  can  be  transformed  while  maintaining  the  following  two  properties: 

(a)  The  points  in  the  closure  of  eadi  region  defined  by  the  partition  are  unchanged. 

(b)  Each  of  the  following  planes  passes  through  at  least  4  points:  P,  Q,  at  least  one  of  die  R^, 

and  at  least  one  of  the  5y. 

Tliis  implies  that  there  are  only  0(n-^)  possibilities  to  check,  tberriiy  giving  a  polynomial  time 
algorithm.  It  seems  likely  that  there  should  be  a  more  efficient  algorithm.  One  possiUUty  is  to 
try  to  apply  Megiddo's  technique  [M],  as  illustrated  in  [CSV]. 
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